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Metric currents are, in a certain sense, a metric analogous of flat currents, 
therefore are related to the geometry of the space and of their support. In 
this short note, we try to give some evidence for the previous statement, by 
showing that the homology which can be defined by means of metric normal 
currents coincides, on nice enough metric spaces, with the usual singular 
^G ', homology. 

Cd ' The "differential forms" used to define metric currents are, in some sense, 

projections of the metric space to the euclidean space and the metric currents 
are particular elements of the appropriate dual; this bears a similarity with 
the usual definition of cohomology, by means of functionals on maps from 
^ ■ the euclidean simplexes to the space. 

Our main result is contained in Theorem [8] and Corollary [91 asserting 
fN| | the equivalence of the "metric" homology and the usual one; our strategy 

^C of proof is quite straightforward: we use the geometric property of met- 

ric currents (expressed by Proposition [1]) and a generalization of the cone 
construction (introduced in [1] and already employed in [5] for a different 
problem) to verify that the axioms of Eilenberg and Steenrod for homology 
hold. 

This result has been mentioned every now and then in the recent liter- 
ature on metric currents, always without proof (for instance, in [7]). Given 
the great interest in the geometry of metric spaces, in the last decades, a de- 
tailed proof of such a basic theorem could be helpful to spread further light 
on the phenomena related to the (Lipschitz) geometry of metric spaces, in- 
troducing a concrete possibility of using metric currents as a tool to explore 
and understand them. 



in 

o 



o 

CO 



X 



'Supported by the Italian project FIRB-IDEAS "Analysis and Beyond" 



2 The setting 

For the definition of metric currents, we refer to [T| and [1] . We will denote by 
@ the space of metric ^-differential forms with locally Lipschitz coefficients 
and by N k the space of normal currents with compact support, i.e. currents 
with finite mass whose boundary has finite mass; we will also denote by d 
the boundary operator. 

We recall the following result about metric currents and their supports 
(cfr. [3} Proposition 3.3]). 

Proposition 1 Let T € 3> m {X) and A C X be a locally compact set con- 
taining supp(T). Then there is a unique T A € @ m (A) such that 

T A (f,ir)=T(f,n) 

whenever (/,vr) € & m (A),(f,n) G & m (X) and f\ A = f, ^\ A = n t . More- 
over, supp (T) = supp(Tyi). 

We proceed now to define the homology complex. Given metric space 
X, we can consider the chain complex 

...—). N k (X) A N k ^(X) —►...—> N ± (X) A N (X) _> o 

where N k (X) is the space of normal metric currents with compact support, 
and the associated homology 

H m = Ker{d:N k (X)^N k ^(X)} 
k{ ] lm{d : N k+l (X) ^ N k (X)} 

Obviously, if / : X — > Y is a Lipschitz map, we obtain the pushforward 
operator /jj : N k (X) — > N k (Y) for every k and, since /jj and d commute, we 
have an induced operator 

H(f) : H k (X) -> H k (Y) 

such that H(Jd) = Id and H(f o g) = H(f) o H(g). In other words, if is a 
covariant functor from the category of metric spaces with Lipschitz functions 
to the category of abelian groups. In what follows we will write /* instead 
oiH(f). 

Moreover, if A is closed subset of X,we define N k (X, A) setting 

N k (X,A) = N k (X)/N k (A). 



3 The axioms of Eilenberg and Steenrod 

Since d : N k (X) —?■ N k _i(X) sends N k (A) in N k _i(A) we can consider the 
relative homology groups H k (X, A) and we have the long exact sequence of 
the pair, in the same way of singular homology 

. . . H k (A) -> H k {X) -> H k (X, A) $ H k _ x {A) -> H k _ x (X) -> . . . 

where d' is an homomorphism of degree — 1. 

Proposition 2 Let {£7,1^} 6e an open covering of X, let ijj,iv be the in- 
clusions of U n V in U and V respectively and let ju,jv be the inclusions 
of U and V respectively in X . Then the short sequence of chain complexes 

o^N*(unv) {lu) *^ v) * n^u) e N m (v) {ju) ^ v) * n*(x) -> o 

is exact. 

Proof: Given T E N k (U n V) with (iu)$(T) = 0, for every form (/,vr) E 
@ k (U) we have 

r (/|c/ny,7r|(7ny) = 

so T(g, rj) = for every (#, 77) E & k (U n V"), that is T = 0. 

Moreover, if (ju)t(T) = (jv)t(S), with T E JVjfc(l7) and 5 E N k (V), then 
supp((j[/)t)(^')) = supp ((Jv)i(S)) QUdV; this means that T = (iu)$R 
and 5 = (»v)ji2 with i? E iV fe ({7 n F). 

Finally, given T E N k (X), we can consider a partition of unity subor- 
dinated to the covering {U,V}, {4>u,4>v}- The current T\_(pu has support 
contained in U, therefore, by Proposition [H there is Si E N k (U) such that 
T|_0j7 = (j[/)t<S'i; similarly, there is S2 E A^(V") such that — Ti_cpy = (jv)$S2- 
So, we have that T = (ju)#Si — (jv)$S2 and the exactness of the sequence 
follows. □ 

By employing the usual techniques of homological algebra and Propo- 
sition [2j we can now prove the Mayer- Vietoris sequence theorem for the 
homology of normal currents. 

Proposition 3 Given a closed subset A of X and an open set U such that 
U is contained in the interior of A, we have that the inclusion map (X \ 
U,A\U) — > (X, A) induces an isomorphism in homology. 

Proof: The result follows from the exactness of Mayer- Vietoris sequence, 
in the same way as in singular homology. □ 

Proposition 4 Two locally Lipschitz-homotopic locally Lipschitz maps 

f~g:X^Y 
induce the same homomorphism in homology 



Proof: Let H : X x [0, 1] — > Y be the locally Lipschitz homotopy between 
/ and g and let us define the operator 

K : N k (X) -)• iVfc+iQO 

by the following formula 

Jf(T)(/,7r 1 ,...,^ +1 ) = f;(-ir +1 ^V(/oF.^^,...,7f J ,...) 

Arguing like in [TJ Proposition 10.2] (see also [5] for another generalization of 
the same Proposition), we see that if T £ Nk(X), K(T) is also in Nk+i(Y) 
and the following holds 

d(K(T)) = -K((dT))+g i T-f i T. 

Consequently, if dT = 0, we see that gfT — f«T is in the image of d : 
Nk + i(Y) — > Nk(Y), that is /* = 5* as applications between H*(X) and 

hJ(y). d 

Proposition 5 If X is a metric space with only one point, we have 

K if* = 



10 otherwise 
where K is either M orC. 

Proof: The thesis is obvious, as Mq{X) = {a6 x \ a € K} = K and 
Mj(X) = {0} for j >0. □ 

Theorem 6 T/ie functor H* defines a homology theory. 

Proof: We refer to [2JB] for a complete discussion of the Eilenberg-Steenrod 
axioms and their variations; we content ourselves with noting that H* is 
obviously a functor and that, by the results we proved in the previous pages, 
it fulfills the homotopy axiom, the excision axiom, the dimension axiom and 
the exactness of the long sequence of the pair. 

Moreover, it is obvious that N* is additive on the disjoint union of spaces 
and that d preserves such structure, hence also if* is additive. □ 

4 Uniqueness of homology 

Let Met2 be the category whose objects are pairs (X, A) where X is a com- 
plete metric space and A is a closed subset in X and whose morphisms are 
continuous functions. Similarly, let Met2L be the category whose objects are 



the same of Met2 and whose morphisms are locally Lipschitz maps; obvi- 
ously, if {X,A) is an object in Met2 (or Met 2 i), also (X, 0) and (A, 0) are, 
and all the inclusions between them are morphisms of the category. 

Let us denote by Met 2 (resp. Met' 2L ) the category whose objects are the 
same of Met2 and whose morphisms are equivalence classes of morphisms of 
Met2 (resp. Met 2 i) with respect to the relation of being homotopic (resp. 
being homotopic by a locally Lipschitz homotopy). 

We will denote by Morc(Oi,0 2 ) the class of morphisms from 0\ to 2 
in the category C. 

Lemma 7 If(X,A) and (Y,B) are objects o/Met 2 , then they are also ob- 
jects of Met 2 £. Moreover, if(X,A) and (Y,B) are CW-pairs, then 

Mor Met , ((X, A), (Y, B)) = Mor Met , £ ((X, A), (Y, B)) 

Proof: The first assertion is obvious, by the definition of the categories 
Met 2 and Met' 2L . If (X,A) and (Y,B) are CW-pairs, X and Y are locally 
finite CW-complexes, as they are metrizable; given a continuous map of 
pairs / : (X,A) — > (Y,B), by the cellular approximation theorem, we can 
find a cellular map /' : (X, A) -> (Y, B). 

We can assume that the characteristic maps are Lipschitz, up to ho- 
motopy, therefore, given a cell e of X, we can consider the Lipschitz map 
j : e — > X and compose it with /', obtaining /' o j : e — > Y. If /' o j is 
Lipschitz on the boundary of e, it is easy to pick, in the same homotopy 
class of /' o j, a Lipschitz map gj : e — > Y which coincides with /' o j on the 
boundary of e. 

Therefore, we can inductively construct a locally Lipschitz map g : 
(X, A) — > (Y, B) which is homotopic to /', hence to /. Moreover, if /' 
was already locally Lipschitz on a sub complex C C X, we can take g to 
agree with / on C. 

On the other side, if /1, / 2 : (X, A) — > (Y, B) are locally Lipschitz maps, 
with a continuous homotopy K between them (hence representing the same 
morphism in Met 2 ), we can apply the preceding reasoning to the map 

K : (X, A) x (7,0, l)^(Y,B). 

As /1, / 2 are already locally Lipschitz, we can construct a map K', homo- 
topic to K, locally Lipschitz, and such that K'(x,0) = fi(x) and K'(x, 1) = 
f2(x) for every x € X; therefore, f\ and J2 represent the same morphisms 
also in Met 2L . □ 

Lemma [7] tells us that there is a natural isomorphism between Met 2 and 
Met' 2L . 

We denote by H^ the Lipschitz simplicial homology functor (with real 
coefficients) on Met 2 , i.e. the homology (with real coefficients) obtained by 



Lipschitz simplicial chains. By [8] Proposition 1.3], on a locally Lipschitz 
contractible space, H^ coincides with the usual simplicial homology; a CW- 
complex which is also a complete metric space is therefore locally finite, 
hence it is locally Lipschitz contractible. 

Theorem 8 There exists a natural transformation from the Lipschitz sim- 
plicial homology (with real coefficients) H^ to H*, which induces an isomor- 
phism between them on every CW-pair in Met2. 

Proof: We define a transformation from the chain complex of Lipschitz 
chains to normal currents with compact support. 

Let a : A/% ->Xbea Lipschitz fc-simplex, let [e^] be the usual integration 
current on e^; er(Afc) is compact in X, hence the ^-current T a = o^\e^\ has 
compact support. By the properties of metric currents, T a is a normal 
current; moreover, [e n ] is also a classical current, hence (see for instance [3]) 
d[e n ] = [de n ], where de n is the boundary of e n in the sense of simplicial 
chains. 

Therefore, dT a = T^ a . This means that T induces a natural transforma- 
tion T* between homologies. 

Such a transformation induces an isomorphism between H*(X) and H^(X) 
when X = {x}. Therefore, by the classical results on homology (see [6] 
Chapter 7]), the two homology theories are isomorphic, when restricted to 
CW-pairs in Met 2i , hence in Met 2 , hence in Met2- □ 

The following corollary is an obvious consequence of the previous the- 
orem and of the result on locally Lipschitz contractible spaces mentioned 
above. 

Corollary 9 The homology H* defined in this note coincides with the usual 
simplicial homology on CW-pairs in Met2. 

We conclude highlighting some generalizations of the result we obtained, 
the first one quite straightforward, the second one involving quite a bit of 
technical details. 

Remark 1 The same argument can be repeated verbatim for the integral ho- 
mology, employing the space Ik(X) of integral currents and noticing that, by 
the Boundary Rectifiability Theorem [1\ Theorem 8.6], dIk(X) C Ik-\{X). 

Remark 2 One could avoid considering just complete metric spaces by mod- 
ifying the definition of a metric current: if one adds the requirement for the 
mass of a current to be a tight measure, then one can dispense with complete- 
ness, at least as long as the result we employed in this note are concerned. 
This allows us to repeat the same proof and obtain the same results for non- 
complete metric spaces. 
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